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ABSTRACT 
The toroidal crossing number of the complete graph on n points is shown to lie 
between 
- 1) 2_~3(~) and 2-~6(n4 
210 
provided n ~ 10. For n = 8, 9, and 10 the result is 4, 9, and 23, respectively. 
l .  INTRODUCTION 
The crossing number, cr(G), of a graph G has been defined [2] as the 
least number of  crossings, i.e., common points of  two arcs other than a 
node, in any drawing of G in a plane (or on a sphere). In a drawing, the 
nodes of the graph are mapped into points of  the plane, and the arcs into 
continuous curves of the plane, no three having a point in common, unless 
it be an end-point (node) of  the arc. A drawing which exhibits the crossing 
number is called minimal; a minimal drawing does not contain an arc 
which crosses itself, nor two arcs with more than one point in common. 
For  the complete graph, K~, in which each of the n nodes is joined to 
every other, it has been shown [1] that 
cr(K,) ~ ~X[89189 -- 1)][89 -- 2)][89 - -  3)], (1) 
where brackets mean "integer part." The construction used to obtain (1) 
is due to Anthony Hill, and is repeated here, since it is required in the 
sequel. Partition the n nodes into u + v = n (we are concerned with the 
two cases v = u and v = u + 1) and arrange them, u on one closed 
convex curve, and v on another, enclosing the first. The u nodes are joined 
each to the others by straight line segments (distorted slightly if necessary 
to avoid concurrence), and the v each to the others by arcs outside the 
* Supported by National Research Council of Canada, grant A-401 I. 
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outer curve. The u nodes are ach joined to all the v nodes by arcs lying 
between the closed curves as follows. Join one of the u to each of the v in 
order, say in a positive sense round the outer closed curve. Take the next 
of the u, in a negative sense on the inner closed curve, and join it to each 
of the v, in the same cyclic order as before, but starting with the last. 
Repeat his process until all the u are joined to all the v. In the two cases 
v ---- u, u + 1, the numbers of crossings between the closed curves in the 
two cases 
~u2(u -- 1)(u -- 2) (u = v), (2) 
~(u + 1) u(u -- 1) 2 = :~v(v -- 1)(v -- 2) 2 (u + 1 ---- v). (3) 
Adding these to (~) + (~) gives the right member of (1) in case n = 2u 
or 2u + 1. 
I f  we restrict he arcs in the drawings to geodesics, i.e., to straight lines 
in the plane, or to minor great circle arcs on the sphere, we have the 
concept of the geodesic crossing number, -~(G), called the rectilinear 
crossing number in [2]. Clearly the crossing number is not greater than 
the geodesic rossing number. Harary and Hill [2] first raised the question 
on the plane as to whether the inequality is strict, while Moon [4] has 
thrown light on the corresponding problem for the sphere. There is a 
contrast between them, since Kainen [3] can show 
i im cr(I,:.)/n" (4) 
which together with (1) shows that equality holds. Since Moon [4] has 
shown that the expected number of crossings for n points distributed at 
random on a sphere and joined by geodesics is 
-~n(n -- 1)(n -- 2)(n -- 3), (5) 
the same limit obtains in the case of the geodesic crossing number. 
However, in the plane, strict inequality probably holds [2, 5]. 
2. THE TORUS 
Analogous questions to those of the introduction may be asked on 
orientable surfaces of higher genus, y, and  cry(G), crr(G ) defined. In 
particular we consider the toroidal crossing number, crl(K,~), for the 
complete graph. Figures 1 to 10 illustrate the following upper bounds for 
small values of n: 
n cr~(K~) 7 8 9 10 11 12 13 14 15 16 
upper bound for 0 4 9 23 42 70 105 154 226 326 
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The fact that 
crl(K.) = 0 (n <~ 7), (6) 
corresponds tothe necessity of seven colors for coloring maps on the torus. 
We show that 
cG(Ka) - - - -  4, (7) 
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by showing that there is no drawing with 3 crossings, and afortiori, 
none with less. Consider the map on a torus induced by such a drawing. 
The number of vertices, i.e., nodes and crossings, would be V ~ 8 + 3 
11, the number of edges 
I0~ )3 
7 6 
FIGURE 7 
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and hence the number of regions F ~ E-V for the torus ~ 34-11 = 23. 
Sin~ each region has at least three edges, 69 ~ 3F ~ 2E = 68, a 
contradiction. 
Similarly, 
crl(Kg) ---- 9, (8) 
since e crossings would lead to 
V=9+c,  E : (9~ + 2c, F>/27+c 
\z!  
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and 
81 + 3c ~< 3F~< 2E = 72 + 4e, 
soc>~9.  
In order to prove that 
crl(Klo ) ~- 23 (9) 
we assume that a drawing with 22 crossings is feasible, inducing a map with 
V - - - - -10+22~ 32, E - - - - (10)+44=89,  
F---- 89 - -32  = 57, 2E= 3F+7,  
so that at least 50 of the 57 regions are triangles, where we assume that all 
regions are simply-connected. Suppose that the number of regions having e 
bounding edges is r, (e = 3, 4,...), and that the number of triangular 
regions having x crossings and 3 -- x nodes for vertices is t~ (x = 0, 1, 2, 3). 
From Figure 11 it may seen that each of the tn regions (consider A and B 
FIGURE 11 FIGURE 12 
as crossings) is adjacent to 3 regions of at least 4 sides (arcs AX, AC do not 
meet again, nor do BX, BC), while each of the t~ regions (consider A or B 
as a node) is adjacent o at least one such. Moreover, if this region has 
just 4 sides, there can be only 2 of the t~ or t8 triangles adjacent o it, 
as they cannot be adjacent o opposite sides. We therefore have 
ra + r4 + r5 + . . . .  F = 57, (10) 
t0+t l+t~+t3  =r3  (11) 
t2 + 3t~ ~< 2r4 + 5r5 + 6r6 + 7r7 + "", (12) 
3r8 + 4r4 + 5r5 + . . . .  2E = 178. (13) 
In a minmal drawing, no region with more than 3 sides need have more 
than 2 vertices which are nodes, and, moreover, 2 such vertices are 
adjacent, since N, M in Figure 12 could be joined directly with no crossing, 
i.e., at  Ieast as economically as in  any other drawing, Let ul ,  u~. be the 
s82;,r4-6 
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numbers of regions with more than 3 sides which have just 1 or 2 nodes 
among their vertices, and let c be the total number of vertices of such 
regions which are not nodes, so that 
ul q- 2u2 -}- c = 4r4 § 5r5 q- 6r6 q- "", (14) 
and by counting crossings, 
q + 2t2 + 3t3 + c = 88, (15) 
since 4 regions are adjacent to each crossing. Equations (11) and (15) give 
88- - r3+to+ta=t2+t3+c 
~< 2r4 q- 5r5 + 6rn -k- 7r7 + "'" q- 
q- 4r4 + 5r5 + 6rn + . . . .  ul -- 2uz, 
by (12) and (14), i.e., 
88 -- r~ q-- to -k- t~ ~< 6r4 q- (10r5 q- 12r~ + 14r7 q- "") -- ul -- 2u2. (16) 
Add 2r4 q- ua -q- 2u2 to either side, and use (13), obtaining 
88 -- r3 -k- to + t~ + 2r~ + ul + 2u~ ~< 2(178 -- 3ra), 
5rs -k- 2r4 + to + t3 + ul + 2u2 <~ 268, (17) 
and in particular that rz ~< 53. On the other hand, elimination of r4 
from (10) and (I3) gives 
r5 + 2rn q- 3r~ + -" ---= rn -- 50, (18) 
so that r8 ~> 50, and the only sets of values of (r3, ra, rs, r6) consistent 
with (18) and (17)are (50, 7, 0, 0), (51, 5, 1, 0), (52, 3, 2, 0), (52, 4, 0, 1), 
and (53,1, 3, 0). From (14) and (17) it follows that, in each case except 
the last, there are (at least 3, 2, 1, 4, 0, respectively) 4-sided regions all 
of whose vertices are crossings. It is not possible to accommodate these in 
a drawing without exceeding the total number of regions. In the last 
case, it is possible to have t0=ta=0,  q =36,  t2 = 17, with the 
configurations shown in Figures 13 to 15 cocurring 3 times, once, and 
5 5 
FIGURE 13 I~URE 14 FI6tm~ 15 
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4 times, respectively. I f one attempts to  fit these 8 configurations together 
on a torus at 10 nodes, with 9 edges at each node, the contributions in 
number of  edges to each node are indicated by the labels in the figures; 
sets of 9 can be made up only in the partitions 33 or 233, and this may be 
verified to be impossible. 
An attempt o prove 
(.9) crx(Klt) = 42 (19) 
by similar methods becomes even more diffuse, so that (19) must remain 
as a strong conjecture. 
3. LOWER BOUNDS 
Results (7), (8), (9), and (19) enable us to set successively improved 
lower bounds for crl(K~). For example, each complete subgraph of K,~ 
with 8 nodes contains at least 4 crossings, so there are altogether at least 
4(~) crossings, except that each has been counted (,~-4) times, so that 
crl(K~) >/ ,~on(n  -- 1)(2 - -  2)(n - -  3), n ~> 8. (20) 
Similarly, f rom (8) and (9), 
crl(K~) >~ 3~on(n -- 1)(n - -  2)(n --  3), n >1 9, (21) 
crl(K~) >1 g~o-~n(n --  1)(n --  2)(n - -  3), n /> 10, (22) 
and (19) leads us to conjecture 
(9.) cr~(K,~) >/ ~ ~ on(n -- 1)(n - -  2)(n - -  3), n >~ 11. (23) 
On putting n = 11 in (22), we have, with Figure 5, 
37 ~< crx(Kll) <~ 42, (24) 
f rom which the above argument gives 
'77 crl(K,~) >1 ~9~-an(n --  1)(n - -  2)(n - -  3), n ~> 11. (25) 
This may be successively improved, by substituting n = 12, obtaining 
a lower bound for cr~(Kl~), using this to obtain a lower bound for crl(K~), 
n >~ 12, putting n = 13 in this, and so on. In this way we can show 
n = 12 13 14 15 16 17 18 19 20 21 22 23 24 
crl(K~) > 56 81 114 156 208 272 350 444 555 686 839 1016 1220 
and, for example, 
crl(K,)  >/-~--an(n --  1)(n - -  2)(n - -  3), n >~ 15. (26) 
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4. UPeER BOUNDS 
We first use the method of Moon [4] to obtain an upper bound for the 
geodesic toroidal crossing number of Kn. In view of our introductory 
remarks, this is necessarily an upper bound for the toroidal crossing 
number. Consider the torus as a unit square with opposite sides identified. 
Given n points at random on a torus, each joined to the other by a 
geodesic, we calculate the expected number of intersections, which is at 
least as great as the minimum number. The probability that two line- 
segments, whose projections on the sides of the square may be taken to 
be 4 89 in magnitude, intersect, is
p= f f f f  la,,--buJdadbdudv, 
where (a, b), (u, v) are the components of the two-line-segments, he 
integrand is the area of the parallelogram in which one end of one segment 
should lie in order to intersect the other, and the domain of integration 
for each of the variables is between •189 Without loss we take 
O~b~a~ 89  
so that 
P=8~ 1/2 f~ da db lay -- bu ] du dv 
aO '#--1/2"~--1/S 
---- 16 (~0//2 da f~ db ,,' -l/ill/2 dufl/2..,bu/a (ao--bu) dv (a~O) 
----16 ~t/2da f db ~t/2 ( o -- ~ +--b2U2a b~U22a b_if) du 
= da _ + db 
~0 0 
f 
l]2 
= 16 ~ a2da = -~z. 
~0 
The required expectation is thus n-~(~)(n~-~)/2, so that 
erl(K,) ~ erl(K~) ~ 4~2 n(n -- 1)(n -- 2)(n -- 3). (27) 
The general method of construction suggested by  the drawings in 
Figures 1 to 10, viz., to join each point to approximately n/3 others 
"radially" across the "annulus" of the diagram, and to complete the 
graph by "chords" of lengths (in the sense defined below) up to approxi- 
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mately n/6, does not give the best known result for large values of n. 
For small n it is the most successful method we know; in general it gives 
rise to formulae whose leading term is 5n4/432, as in (27). 
In order to improve this, we first give a new construction for the best 
known result, (1), for the planar crossing number, one which includes 
a Hamiltonian circuit which is free from crossings. Take u nodes at the 
vertices of a regular u-gon, and two arbitrary perpendicular directions, 
neither of them parallel to a join of 2 of the u points. Make all joins by 
straight segments whose direction lie in the first or third of the quadrants 
determined by the perpendicular lines. I f  u is even the points or their 
joins should be displaced slightly to ensure that no 3 joins concur. 
CONJECTURE: if 3 diagonals of a regular polygon concur, at least one 
is a diameter. Joins which, if made by straight segments, would be 
in directions in the second or fourth quadrants are made outside the 
u-gon. A convenient way to vizualize these is as the inverse, with respect 
to the circumcircle of the u-gon as circle of inversion, of the joins made 
by straight segments. For present application, we require the number of 
crossings, and the total "length" of the joins which occur "inside" and 
"outside" the u-gon, where a join is said to be of length d if it subtends an 
angle 2rr(d + 1)/u at the center of the u-gon. This definition is one less 
than that suggested by intuition, the "sides" of u-gon being of zero length, 
but it is convenient for later counting. We consider 3 cases: 
CASE 1. u odd, say u ---- 2k + 1. The number of crossings of 2 sets of k 
parallel chords, inclined at an angle jTr/u, is 
The "inside" and the "outside" will contain, respectively, k and k § 1 
such sets of chords, so the numbers of crossings are 
-- - - j~-1) I  ' ~(k- - J )  l(~)-- (k J+ l ) t '~(k - - j+ l ) l (~) - - (k  2 
j= l  2 j= l  
i.e., 
and 
~k(k -- 1)(k -- 2)(3k -- 1) (28) 
2-~k(k + 1)(k -- 1)(3k -- 2), (29) 
with a total of 88 -- 1) 2 or ~(u  -- 1)2(u -- 3) 2 crossings, as in the right 
member of (1). There are k joins of length j --  1 (1 ~< j ~ k) on one side 
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and k + 1 of  each on the other. The "total lengths" of  these are 
89 -- 1) = ~(u  --  1)2(u --  3) and 
89 + 1)(k --  1) = ~(u  + 1)(u --  1)(u - -  3). 
CAS~ 2. u = 4s + 2. In this case there are 2s § 1 sets of  2s paratlel 
chords of  odd length and 2s + I sets of  2s + 1 of  even length. There 
are s sets of  one kind and s + 1 of  the other on each of  the two sides. 
The number of  crossings of  2 sets, one of  each kind, inclined at an angle 
(2 j -  1)r/u, is 
2s 2 --  2(s - - j  + 1) 3 = 2(j  - -  1)(2s - - j  + 1), j = 1, 2,..., s. 
The number of  crossings of  2 sets of  the first kind (of odd length), inclined 
at an angle 2j~/u is 
2s2- -4 (  s - j -} -2  1), 
and the number of  crossings of  2 sets of  the second kind (of even length) is 
2s2_4(s - - j+  1) 
2 - -1 .  
The number of crossings on one side is thus 
• v /(2s - 2j + 2){2s 2 - 2(s - j + 1) 2} + (s -}- 1 - j )  
j=l k 
while on the other the contents of  the last 2 pairs of  braces are inter- 
changed. In this case the total length of  the joins on either side is 
2s2(2s + 1) = ~-~u(u -- 2) 3, although their numbers differ, and the total 
number of  crossings is 
2s--1 
j(2s -- j)(4s - -  j )  = s~(2s -- 1)(2s + 1) = ~ u(u -- 2) z (u - -  4), 
j=l  
again as in (1). 
CASE 3. u = 4s. In this third case there are 2s sets of  2s parallel chords 
o f  even length and 2s sets of  2s - -  1 of  odd length. There are s sets of  
each on either side. The number o f  crossings of  2 sets, one of each kind, 
inclined at an angle (2j --  1)~r/u, is 
4(;) 4 , j= l ,2 , . . . , s .  
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The number of crossings of 2 sets of the first kind (of even length), inclined 
at an angle 2 j r r /u  is 
4 (2  ) -2 (s - j )~+ 1, j=  1,2 ..... s - -1 ,  
and the number of crossings of 2 sets of the second kind (of odd length) is 
4 (2) -- 2(s-- j )2,  j=  1, 2,..., s -- 1. 
The total number of crossings on each side 
2,+1,14(; ) 
is the same, and is equal to 
1)i 
+ Y ' , ( s - - j )  8 - -4 (s - - j )2q -1  = 89 1)(2s--1) 2,
j= l  
so that the total number of crossings is 
s (s  - -  1)(2s -- 1) 2 = 6-&u(u - -  2)2(u -- 4), 
as before. The total length of the joins on either side is 
s (2s  - 1) 2 = ~u(u  - 2)  2. 
Note that the essential results in the 2 even cases are the same. 
We now give an explicit construction for a drawing of the complete 
graph on the torus. Partition the nodes into three approximately equal 
parts and form a complete graph on each part, so that the three crossing- 
free Hamiltonian circuits of the construction just given divide the surface 
of the torus into 3 annular egions. In each of these 3 regions, each node 
on one boundary is joined to every node on the other. Crossings will be 
of 3 kinds, (a) of the joins just described, using the method escribed in the 
introduction, (b) of these joins with the arcs of the 3 complete subgraphs, 
and (c) those of the 3 complete subgraphs, whose number has recently 
been calculated. The numbers of (a) are given by (2) and (3). Crossings 
of type (b) arise v at a time whenever a node of one part is joined to each 
of the v nodes of another part, and these v joins cross an arc of the 
complete subgraph. The number of occurrences i equal to the "total 
length" of the joins on the "inside" or "outside" of the (planar) drawing 
of the complete subgraph described above. The number of (c) is (three 
times) ~(u  -- 1)2(u -- 3) 2 or 6-&u(u - -  2)2(u -- 4) according as u is odd or 
even. We consider 6 cases: 
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n = 6k = 3u = 2k  4- 2k  4- 2k. (a)  89 - -  1)(u - -  2), (b) ~}u(u - -  2) 3 • u, 
(c) -e~u(u - -  2)2(u - -  4), 
cr l (K,~) <~ -6~u(u - -  2)(59u 2 - -  98u 4- 24) 
= w~n(n  - -  6)(59n 2 - -  294n 4- 216). (30) 
n =6k+l  =3u+ 1 =2k+2k4- (2k+l ) .  
(a)  89 + 1)(u - -  1) 3 + ]u2(u  - -  1)(u - -  2), 
(b) ~u(u- -  2) 2 • (2u + 1) + ~u(u  4-  1)(u - -  2) • u, 
(c) -3~u(u - -  2)2(u - -  4) 4- ~u2(u  - -  2) 3, 
cr l (K , )  <~ x~--eu(177u a - -  412u 2 4- 180u 4- 64) 
- -  r~a-~(n - -  1)(59n a - -  589n 2 4- 1541n - -  435). (31) 
n =6k+2 =3u- -  1 =2k+(2k+ 1)§  
(a)  89 - -  1)(u - -  2) 2 + ]uZ(u  - -  1)(u - -  2), 
(b) ~(u - -  1)2(u - -  3) • u 4- ~(u 4- 1)(u - -  1)(u - -  3) • (u - -  1) 
4- l (u  - -  1)(u - -  3) 3 • u, 
(c) ~89 - -  1)2(u - -  3) 2 +-e~(u  - -  1)(u - -  3)Z(u - -  5), 
cr l (K~)  <~ x~(u  - -  1)(177u z - -  707u 2 4- 727u - -  117) 
- -  ~(n  - -  2)(59n a - -  530n 2 4- 944n 4- 480). (32) 
n =6k4-3  =3u =(2k4-  1) +(2k4-  1) +(2k4-  1). 
(a) Xu2(u - -  1) (u - -2 ) ,  (b) ]u(u  - -1 ) (u  - -  3) •  
(c) ~(u  - 1)2(u - 3) 2, 
cr l (Kn)  <~ -e!x(u - -  1)(59u 3 - -  157u 2 4- 45u - -  27) 
= ~(n  - -  3)(59n 3 - -  471n 2 + 405n - -  243). (33) 
n =6k4-4  =3u+l  =(2k4-1)  4 - (2k4-1)  4 - (2k4-2) .  
(a) ]u (u  4-  1)(u - -  1) 3 4- ]u2(u  - -  1)(u - -  2), 
(b) ~(u 4- 1)(u 4- 1) 3 • u 4- k (u - -  1)2(u - -  3) • (u 4- 1) 
+ ,~(u + 1)(u - 1)(u - 3) • u, 
(c) ~(u  - -  1)2(u - -  3) 3 + ~(u  4- 1)(u - -  1)2(u - -  3), 
cr l (K~)  <~ x~(u  - -  1)(177u z - -  235u 2 - -  97u + 27) 
= w~(n  - -  4)(59n 3 - -  412n 2 4- 356n 4- 240). (34) 
n =6k4-5  =3u- -  1 =(2k+l )+(2k+2)+(2k+2) .  
(a)  89  - -  1)(u - -  2) 3 + ~u2(u - -  1)(u - -  2), 
(b) l (u  - -  1) (u - -  2)(u - -  4) x u + ~u(u  - -  2) 3 x (2u - -  1), 
(c) -~2u(u - -  2)2(u - -  4) 4- ~(u  - -  2)2(u - -  4) 3, 
1 er l (K~)  <~ i9-~(u - -  2)(177u 3 - -  530u 2 q-- 416u - -  96) 
= 5~s,~(n - -  5)(59n z - -  353n 2 4- 365n - -  87). (35) 
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The results may be combined, at slight loss of sharpness, into 
n9 t n 1)(n 2 ) (n  - -  3)(n 4) ,  crl(Kn) ~ ~sx~-~. -- --  (36) 
since the polynomial on the right majorizes each of the six polynomials 
(30 + l), n- - - -6k-t - / ,  0 ~< I ~< 5. In the six separate results, the two 
leading terms are 
+~84(59n4--648n 3) in every case. 
5. RELATED PROBLEMS 
G. Ringel (unpublished) introduced the idea of the local crossing number, 
which extends to that of the local toroidal crossing number, II(G), of a 
graph, G, as 
ll(G) = min max x+, (37) 
D(G) e~E 
where x~ is the number of crossings on a given arc e, the maximum being 
taken over the set E of all arcs e in G, and the minimum over the set, 
D(G), of all drawings of G on a torus. Examination of Figures 1 to 10 
shows that 
upperbound of lx(K.) 
7 8 9 10 11 12 13 14 15 16 
0 1 1 3 4 5 5 7 8 11 
where the first three results are best possible. Since there are (~) arcs, (26) 
shows that there is an average of at least 
n(n -- l)(n -- 2)(n -- 3)/(2 )
crossing per arc, so that 
ll(K,) >~ ~--~og(n -- 2)(n --  3), n ~ 15, (38) 
and from the known lower bounds for cr~(Kn), it can be seen that this holds 
for n ~ 8. On the other hand, from the given construction, 
I~(K~) ~< -~2(n + 1)(n - -  5). (39) 
An analogous concept is that of the nodal (toroidal) crossing number, 
nx(G), of a graph, G, defined as 
na(G ) = min max ~ x, (40) 
D(G) V 
58~/4/4-7 
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where the sum is taken over all arcs incident with a given node, and the 
maximum is taken over the set, V, of all nodes in G. For  example, earlier 
considerations show that 
x~os(n - -  1)(n - -  2)(n - -  3) ~ nl(gn) ~ 2~99-g(n - - 2)(n - -  3)(n - -  4), (41) 
where the lower bounds holds for n sufficiently large. 
n l ( /~) = 0 (n ~ 7), nl(Ks) = 3, nl(Kg) = 4, and 10 ~ nl(Klo) <~ 12. 
6. CONCLUSION 
The method of  Kainen's  paper  [3] suggests that further progress in this 
problem could be made by first solving, or obtaining good bounds for, 
the toroidal  crossing number for the complete bipartite graph. 
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